Fully relativistic calculations are presented for the double K-shell photoionization cross section for several neutral medium-Z atoms, from magnesium (Z = 10) up to silver (Z = 47). The calculations take into account all multipoles of the absorbed photon as well as the retardation of the electron-electron interaction. The approach is based on the partial-wave representation of the Dirac continuum states and uses the Green-function technique to represent the full Dirac spectrum of intermediate states. The method is strictly gauge invariant, which is used as an independent cross check of the computational procedure. The calculated ratios of the double-to-single K-shell ionization cross sections are compared with the experimental data and with previous computations.
I. INTRODUCTION
Double photoionization is a fundamental atomic process in which a single photon, being absorbed by an atom, simultaneously kicks out two electrons. The characteristic feature of this process is that it can proceed only through the electron-electron interaction. Indeed, the incoming photon can (formally) interact only with one electron, so for the second electron to be kicked out, the required energy should be transferred from one electron to another through the electronelectron interaction. This feature makes the double photoionization very sensitive to the details of the electron-electron interaction.
A typical system for studying double photoionization has long been the helium atom, for which numerous experimental and theoretical investigations have been performed [1] . The most widely studied quantity was the ratio of the doubleto-single photoionization cross sections σ ++ /σ + as a function of the energy of the incoming photon ω. Today, the helium double photoionization is often considered as well understood, and the results of several independent computations [2] [3] [4] [5] agree reasonably well with the experimental data [6] [7] [8] [9] in the whole region of the photon energies.
Unlike the helium case, an adequate description of double photoionization of both K-shell electrons in neutral mediumand high-Z atoms is much more challenging for theory. This is because of the enhanced relativistic effects (that scale as Z 2 ) as well as the more complex electronic structure of manyelectron atoms. The difficulties of the theory in this case were demonstrated by experiments of Kantler et al. on molybdenum [10] and later also silver [11] , which reported large disrepancies with nonrelativistic calculations and claimed "the need for theoretical treatments to properly deal with such systems". More recently, Hoszkowska et al. [12, 13] presented detailed experimental investigations of the double Kshell photoionization for eight medium-Z atoms in the range 12 ≤ Z ≤ 23. In the absence of suitable ab initio calculations, the experimental data of Ref. [12, 13] were interpreted only in terms of various semi-empirical models.
An attempt for a systematic ab inito calculation of the double K-shell photoionization in neutral atoms was reported by Kheifets et al. [14] . In that work, nonrelativistic closecoupling calculations were performed with three gauges of the electromagnetic operator: length, velocity, and acceleration. Convergence (or the lack of it) between the calculations in the different gauges is commonly used as a test of the accuracy of the treatment of the electron correlation. The calculations of Ref. [14] showed that deviations of double photoionization results obtained in different gauges are large and becoming even larger as the nuclear charge and/or the photon energy are increased. The authors [14] concluded that "significant difficulties" arise and that "none of the available ground-state wave functions satisfied the strict gauge convergence test".
In a previous study of two of us [15] , a calculation of the double photoionization was performed within a fully relativistic framework, for which the problem of gauge dependence does not arise as the formalism is gauge invariant from the very beginning. Large relativistic effects were demonstrated in that work, but results were reported only for the He-like ions. In the present investigation, we extend our previous approach to many-electron systems and present fully relativistic calculation of the double K-shell photoionization cross section in neutral atoms.
The computational approach is based on the relativistic QED perturbation theory. It takes into account all multipoles of the absorbed photon as well as the retardation (the frequency dependence) of the electron-electron interaction. The electron-electron interaction is accounted for rigorously to the leading order of perturbation expansion. The higherorder electron-electron interaction (in particular, the interaction with the spectator electrons) is taken into account approximately, by means of a suitable screening potential in the Dirac equation.
The remaining paper is organized as follows. In Sec. II we briefly describe our theoretical approach. Sec. III presents details of the calculation. Numerical results are presented and discussed in Sec. IV. The relativistic units ( = c = m = 1) are used throughout this paper.
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II. THEORY
We consider the process, in which an incoming photon with energy ω and helicity λ collides with a neutral atom and kicks out two electrons from the K-shell into the continuum. The final-state electrons have the energies ε 1 and ε 2 and the momentum p 1 and p 2 , respectively. Such a process can occur when the photon energy ω is equal to or greater than the threshold energy ω cr , which is the (double) ionization energy of the K shell.
The energy-differential cross section of the double K-shell photoionization is given by [15] dσ
where τ ++ λ is the amplitude of the process. The summation in the above formula runs over the partial waves of the continuum wave functions of the ejected (final-state) electrons, i.e., the relativistic angular quantum numbers κ 1,2 and the projections of the total angular momentum µ 1,2 . The remaining N − 2 (spectator) electrons do not change their state during the ionization process.
Since the two outgoing electrons share the excess energy of the photoionizataion process, the total cross section is obtained as the integral of the single differential cross section over a half of the energy sharing interval
where ω cr denotes the threshold of the double photoionization process. The other half of the energy interval corresponds to interchanging the first and the second electron and is accounted for by the antisymmetrized electron wave function.
To the leading order of QED perturbation theory, the amplitude of the double photoionization process is represented by the two Feynman diagrams as displayed in Fig. 1 . The general expression for the amplitude was derived in Ref. [15] by using the two-time Green's function method [17] ,
The operators in the matrix elements in the above formula are the frequency-dependent electron-electron interaction operator I(∆) and the operator of the photon absorption R λ . The states |a ≡ |κ a µ a and |b ≡ |κ b µ b describe the initial bound electron states, whereas |ε 1 ≡ |ε 1 κ 1 µ 1 and |ε 2 ≡ |ε 2 κ 2 µ 2 describe the final continuum electron states with a definite total angular momentum.
The first term in the curly brackets of Eq. (3) corresponds to the diagram with the electron-electron interaction attached to the final-state electron wave function (the left graph in Fig. 1 ) and the second one, to the diagram with the electron-electron interaction attached to the initial-state electron wave function (the right graph in Fig. 1 ). The summation over P and Q in Eq. (3) corresponds to the permutation of the initial and final electrons, P ε 1 P ε 2 = (ε 1 ε 2 ) or (ε 2 ε 1 ), QaQb = (ab) or (ba), and (−1) P and (−1) Q are the permutations sign. The summation over n in Eq. (3) runs over the complete Dirac spectrum of intermediate states [17] , ∆ εib ≡ ε i − ε b , N = 1/ √ 2 for the equivalent initial-state electrons and N = 1 otherwise, j a,b and µ a,b are the total angular momentum and its projection of the initial-state electrons, and J 0 and M 0 are the total angular momentum of the initial two-electron state and its projection. In the case of
The general relativistic expression for the photon absorption operator R λ is given by
where α is a three-component vector of the Dirac matrices, u λ is the polarization vector of the absorbed photon, k is the photon momentum,k = k/|k|, and G is the gauge parameter. The relativistic frequency-dependent electron-electron interaction operator in the Feynman gauge is given by
where
In the Coulomb gauge, the electronelectron interaction acquires an additional term,
In our approach, all one-electron states in Eq. (3) |ε 1,2 , |a , |b , and |n are assumed to be eigenstates of the same one-particle Dirac Hamiltonian
where β is the Dirac β matrix, p is the momentum operator, V nuc is the binding potential of the nucleus, and V scr is the screening potential induced by the presence of other electrons. So, our approach includes the electron-electron interaction to the first order of the QED perturbation theory exactly, whereas the higher-order electron-electron interactions are accounted for approximately, through the screening potential in the Dirac equation. By varying the definition of the screening potential, we can estimate the residual electron-correlation effects that are omitted in the present treatment.
In the present work, we construct the screening potential by first solving the Dirac-Fock equation for the neutral atom and then generating the potential as it arises from the charge density of the Dirac-Fock orbitals weighted by the occupation numbers of the orbitals. In particular, we make use of two variants of the potential which will be termed as the coreHartree (CH) potentials V CH,1 (r) and V CH,2 (r) and which are defined by
where K = 1 or 2, n numerates the one-electron orbitals, q n is the occupation number of the orbital, a is the initial 1s electron state, and G n and F n are the upper and the lower radial components of the Dirac-Fock orbitals.
As can be seen from the definition (8), V CH,2 (r) represents the potential generated solely by the charge density of the spectator electrons that do not change their state during the process, whereas V CH,1 (r) includes in addition the interaction with the second 1s electron in the K shell.
It is important that all initial and intermediate states in our approach are the exact eigenstates of the same one-particle Dirac Hamiltonian h D with the potential V nuc (r) + V scr (r). Because of this and the fact that the screening potential V scr constructed by Eq. (8) is a local potential, the amplitude (3) is gauge invariant. We note that if we had used a nonlocal (e.g., Dirac-Fock) screening potential in h D , it would have broken the gauge invariance [16] .
It can be proved that the amplitude (3) is separately gauge invariant with respect to the gauge of the absorbed photon as well as the gauge of the electron-electron interaction. This gauge invariance was used in order to check our numerical procedure. In addition, the gauge invariance provides us a cross-check of the computation of the two Feynman diagrams against each other. Indeed, while the contributions of the two diagrams in Fig. 1 are different for different gauges of the emitted photon, their sum should be (and was checked numerically to be) the same.
III. NUMERICAL ISSUES
A general (numerical) scheme for the computation of double photoionization cross sections was developed in our previous investigation [15] . Similarly to that, the summation over
Feynman diagrams that represent the double photoionization process in the leading order of perturbation theory. a and b denote the bound electron states, p1 and p2 are the continuum electron states, k refers to the incoming photon. Double lines denote electrons that are propagating in a central potential (nuclear Coulomb field plus some screening potential). Proper antisymmetrization of the initial and the final two-electron wave functions is assumed.
the complete spectrum of the Dirac equation is performed in the present work by using the Dirac-Green function. The major new feature of the present computation is that the initial and final states as well as the Dirac Green function need to be calculated not only for the point-nucleus Coulomb potential (as in Ref. [15] ), but for some general (Coulomb+screening) potential. For the wave functions, such a generalization is quite straightforward, and these functions can be readily obtained, e.g., with the help of the Fortran package developed by Salvat et al. [18] . In contrast, an efficient computation of the Dirac Green function for the general potential is more difficult. For a given value of the relativistic angular quantum number κ, the radial part of the Dirac Green function is represented in terms of the two-component solutions of the radial Dirac equation that are regular at the origin φ 0 κ and at infinity (φ ∞ κ ),
where E denotes the energy argument of the Green function, r 1 and r 2 are the radial arguments, and θ is the Heaviside step function.
An efficient numerical scheme for computing the regular and irregular solutions of the Dirac equation for an arbitrary Coulomb + short-range potential was developed by one of us in Ref. [19] . We note that practical computations for arbitrary potential become much more time consuming as compared to computations with the point-nucleus Coulomb potential. The reason is that the point-nucleus Dirac Coulomb Green function can be calculated directly at any radial point, whereas for arbitrary potential, a two-step procedure is required: first one needs to solve the radial Dirac equation on the grid and only then one can obtain the regular and irregular Dirac solutions by interpolation.
A serious numerical problem arises in the evaluation of the radial integrals for the left graph in Fig. 1 (where the electron correlation modifies the final-state wave function). In this case, the continuum-state Dirac wave function has to be integrated together with the Dirac Green function with the energy 4 E > m. All functions under the integral are strongly oscillating and decrease only (very) slowly for large radial arguments. It is therefore practically impossible to evaluate such integral to high precision by just applying a straightforward numerical integration. In our approach, we use instead the method of the complex-plane rotation of the integration contour, described in detail in Ref. [20] .
After the radial integrals are successfully evaluated, the next problem is the summation of the partial-wave expansions. When all angular momentum selection rules are taken into account, two (out of five) partial-wave summations remain infinite. One can choose the parameters for these two infinite summations differently. Our choice was the relativitic angular momentum parameters κ 1 and κ 2 of the two final-state electrons in Eq. (1). In the present work, the number of partial waves included was (|κ 1 |, |κ 2 |) = (10, 10), with the tail of the expansion estimated by extrapolation. This is slightly less than in our previous investigation [15] , since the maximal photon energy is smaller in the present work.
A number of tests have been performed in order to check our numerical procedure. First, we checked the gauge invariance of the calculated results. Apart from the Feynman gauge which was normally used, we repeated our calculations with the electron-electron interaction in the Coulomb gauge [see Eq. (6)] and found perfect agreement. We also checked that varying the gauge of the absorbed photon [parameter G in Eq. (4)] has no effect on the numerical results. Second, we recalculated the contribution of the right diagram on Fig. 1 by using a completely different numerical technique, based on the explicit summation over the Dirac spectrum represented by the finite basis set of B-splines [21] . Finally, we checked the nonrelativistic limit of our calculations for the point-nucleus Coulomb potential against the independent perturbation-theory calculations of Mikhailov et al. [22] and Amusia et al. [23] and found good agreement.
IV. RESULTS AND DISCUSSION
In the present work, we study the process of the double K-shell photoionization for several neutral medium-Z atoms: magnesium (Z = 12), calcium (Z = 20), copper (Z = 29), and silver (Z = 47). The results of the calculation are presented in terms of the ratio of the double-to-single K-shell ionization cross section,
as a function of the ratio of the incoming photon energy and the double K-shell photoionization energy, ω/ω cr . The prefactor of Z 2 in the definition (10) ensures that the function R(ω/ω cr ) depend only weakly on the nuclear charge and the degree of ionization of atom (ion); this fact is often termed as the universal scaling law of double photoionization [26, 27] . In our previous calculation for He-like ions [15] , we demonstrated that this scaling holds exactly in the nonrelativistic limit and to the first order in perturbation theory, but is violated by the relativistic effects.
In order to obtain numerical results for R(ω/ω cr ), we need first to calculate the double K-shell ionization energy ω cr and the cross section of the usual (single) K-shell photoionization σ + . These calculations are relatively simple and can be performed by many different methods. In the present investigation, however, we require that ω cr and σ + were calculated within exactly the same approach as the double photoionization cross section σ ++ . In Tables I and II , we present numerical results for the Kshell double ionization energy ω cr and the cross section of the single K-shell photoionization σ + for ω = 2 ω cr , respectively. The columns labeled by "CH 1 ", "CH 2 ", and "Coul" display the data obtained in the present work with the corresponding potential in the Dirac equation (V CH,1 , V CH,2 , and the Coulomb potential, respectively). The Coulomb-potential values correspond to the case of He-like ion in the independent particle model. The data in the "MCDF" column are obtained by the Multiconfigurational Dirac-Fock method by using the RATIP package [24] , whereas the data in the last column are taken from the literature [25] .
The single-photoionization cross sections "CH 1 ", "CH 2 ", and "Coul" are obtained within the single-electron approximation, where the electron-electron interaction is accounted for approximately either through the screening potential (for the CH 1 and CH 2 values) or is totally ignored (for the Coulomb case). It is thus natural that these results are less accurate than the ones obtained by the MCDF method. As might have been anticipated, the CH 1 potential is the best choice among the three potentials considered. It is important that the difference between the CH 1 and CH 2 values yields a reliable estimate of the residual electron-correlation effects neglected by the effective single electron approximation.
Let us now turn to the main objective of the present work, the ratio of the double-to-single K-shell photoionization cross sections, R. Our numerical results for R are presented in Table III for the photon energy ω = 2 ω cr and for the three different potentials, CH 1 , CH 2 , and Coul. In the last column, we list also the nonrelativistic limit of the Coulomb results. The striking feature of the presented comparison is that the ratio R is much less sensitive to the choice of the potential than the single photoionization cross section σ + . This explains why we took great care in order to calculate σ ++ and σ + fully consistently, i.e., both to the leading order in perturbation theory with exactly the same screening potential in the Dirac equation (7). Importance of such consistency was implicitly acknowledged already in previous perturbation-theory calculations [15, 22, 23] , where results were presented solely in terms of R, and not in terms of σ ++ . From the comparison in Tables I-III , we see that the difference between the CH 1 and CH 2 results (which we use for estimating the magnitude of the residual electron correlation effects) monotonically decreases with the increase of the nuclear charge. It is consistent with what one might have anticipated: the single-electron approximation usually performs the better, the heavier the atom under consideration.
The nonrelativistic Coulomb values of R in Table III are exactly the same for all atoms. This demonstrates the universal scaling law of the nonrelativistic double photoionization [26, 27] . As seen from the table, the nonrelativistic scaling is violated by the relativistic effects, so that the relativistic Coulomb results depend on nuclear charge. We now discuss our results for selected atoms in more detail. Fig. 2 presents our calculation for magnesium. The left panel compares our results with the nonrelativistic calculations in the length, velocity, and acceleration gauge by Kheifets et al. [14] as well as the experiments by Hoszkowska et al. [12, 13] . Our results are shown for the CH 1 (red solid line) and CH 2 (orange dashed line) potentials. In addition, the right panel of this figure displays our calculations for the corresponding He-like ion (Coulomb potential), presenting the relativistic results (dark green, down triangle points) and nonrelativistic results (light green, upper triangle points). The results for the He-like ions are equivalent to ones obtained in our previous work [15] .
From the comparison in the right panel of Fig. 2 , we can identify the magnitude of various effects. The difference between the nonrelativistic and the relativistic curves for He-like ion shows the effect of relativity, whereas the difference between the CH 2 results for the neutral-atom and the relativistic results for He-like ion identifies the effect of the outer electrons. The difference between the CH 1 and CH 2 curves might be interpreted as the effect of higher-order interactions between the two K-shell electrons. We may therefore conclude that for magnesium, the relativistic effects are not very prominent but the interaction with the outer shells increases the ratio R by about 50% and thus cannot be neglected.
The results of our calculation for magnesium agree reasonably well with the experimental data [12, 13] for energies up to the maximum of the curve (ω/ω cr ≈ 2) but deviate noticeably for higher photon energies. Good agreement is also observed with the nonrelativistic results by Kheifets and coworkers [14] obtained in the velocity gauge, while their results in acceleration and length gauge deviate significantly both from our predictions as well as from experimental data. Fig. 3 displays our results for calcium and compares them with previous calculations [14, 22] and experiments [12, 13, 28] . We observe that for this element, neither of calculations agrees well with experiment. The computations by Kheifets et al. [14] exhibit a very strong gauge dependence. At the same time, similarly as for magnesium, their results in velocity gauge are found to be in good agreement with our values. The computations by Mikhailov et al. [22] agree with our results and with Kheifelts's velocity-gauge data for small photon energies of ω/ω cr 1.5 but predict significantly smaller values of R at higher photon energies. Fig. 4 presents the ratio R for copper. Results of our relativistic calculation for the neutral atom with the screening potentials CH 1 and CH 2 (the red solid line and the orange dashed line, respectively) are compared with our relativistic calculation for the He-like ion (dark green line, down triangle points) and the corresponding nonrelativistic calculation (light green line, upper triangle points). Here, our results agree well with the only available experimental point [29] in the near-tothreshold region.
Finally, Fig. 5 presents theoretical and experimental results for silver, which is the heaviest atom for which measurements of the double K-shell ionization have been performed. We observe that two of the three experimental points reported in Ref. [11] disagree strongly with the theory. Comparison of theoretical curves for neutral atom and He-like ion shows that the influence of the outer-shell electrons is rather weak in this case, so it seems unlikely that the residual electron correlation can explain the discrepancy. The relativistic effects are large and change the form of the curve remarkably [15] , but they are not large enough in order to bring theory into agreement with experiment.
More generally, our calculations show that the relative influence of the outer-shell electrons on R, being significant for low-Z systems, gradually decreases as Z increases. This is what one might have anticipated, having in mind that the characteristic photon energy scales as Z 2 , so that the interaction of electrons with the photon should become increasingly localized around the nucleus when Z increases.
It is interesting that for small and medium photon energies, ω/ω cr 2, the relativistic results for R exhibit essentially the same scaling law for neutral atoms as the one reported previously for the nonrelativistic He-like ions [26, 27] . In particular, the relativistic theoretical values of R for ω/ω cr = 2 are nearly the same for all neutral atoms considered in the present work (about 0.35, see Table III ). This is because, for low-Z atoms, the electron-correlation effects are large and relativistic effects are small, whereas for medium-Z atoms, it is vice versa. Since both effects increase the ratio R, the sum of them leads to a nearly uniform (in Z) enhancement of the familiar nonrelativistic He-like curve.
The situation becomes drastically different for large pho-ton energies, ω/ω cr 2. In this region, the R curve for light atoms decreases gradually, similarly to what is found for the well-studied nonrelativistic helium case. For heavy atoms, however, the relativistic effects change this behaviour. Already for copper the familiar nonrelativistic peak of the curve around ω/ω cr = 2 disappears (Fig. 4) , while for silver the curve becomes monotonically increasing (Fig. 5) . Our previous calculation [15] suggests that the relativistic curve increases monotonically also at higher energies, thus changing the asymptotic behaviour with regard to the nonrelativistic theory.
We mention that in all experimental studies [11] [12] [13] , the experimental data for R were fitted to semi-empirical curves assuming the nonrelativistic behaviour in the high-energy limit, which is not fully justified in the case of medium-Z atoms, according to our calculations.
V. CONCLUSION
We performed calculations of the double K-shell photoionization cross section for several neutral, medium-Z atoms from magnesium (Z = 10) up to silver (Z = 47). Our fully relativistic approach accounts for all multipoles of the absorbed photon as well as the retardation (the frequency dependence) of the electron-electron interaction. The electronelectron interaction was taken into account rigorously to the leading order of perturbation theory. The higher-order electron-electron interactions (in particular, with the outershell electrons) were treated approximately by means of some screening potential in the Dirac equation. The approach of this work is strictly gauge invariant, and this was utilized in order to cross check the computational procedure.
The results of our computations are in reasonable agreement with experimental data [12, 13, 29] for the light elements, but they disagree strongly with the measurement of Ref. [11] for silver. The reason of this disagreement is unknown.
Our calculations predict large relativistic effects for copper (Z = 29) and for heavier atoms as well as at large photon energies (more than twice larger than the double K-shell ionization energy). For these energies, the shape of the R curve is changed quite remarkably due to relativity. This prediction cannot be presently tested against experiment, as there have not been any direct measurements of double photoionization in this region so far. [12, 13] are shown by black diamond points. On the left panel, the calculations by Kheifets et al. [14] in length, velocity, and acceleration gauge are shown by dotted lines (navy, purple, and blue, respectively). On the right panel, the present theory and experiment [12, 13] [11] .
